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Abatmet-Free convection in laminar boundary layers with coupled rno~t~ heat and binary 
mass transfer was investigated in terms of relevant parameters. Buoyancy effects caused by both 
temperature and concentration gradients were considered. Exact solutions of the nonlinear system of 
three coupled equations for variable physical property systems with a constant generating body force 
parallel to the solid surface were investigated for many different cases in order to get a reasonable idea 
of how the various parameters influence the transport processes involved. 

The effects of variations iu specie enthalpy, thermal conductivity, viscosity and density with concen- 
tration were studied individ~y and in various ~mbi~tio~. The most striking effects are those 
caused by specie enthaipy differences and thermal conductivity for the low molecufar weight gases. 
Also the interactions of Prandtl number and interfacial velocity effects for single component mass- 
transfer systems were investigated. 

A method of integrating the coupled transport equations was developed which appears to be 
substantially faster thau previously used techniques. The improved speed of computation occurs 
primariiy because each solution of the momentum equation is obtained by iterating onlyon a boundary 
condition rather than on both a boundary condition and a function as previous methods require. 

NOMENCLATURE 

heat capacity, [Btu/Ib degF]; 
coefficient of effusion of component A 
into component B; 
gravitational acceleration; 
component of acceleration of gravity in 
x-direction; 
component of acceleration of gravity in 
y-direction; 
local mass-transfer coefficient; 
local heat-transfer coefficient ; 
thermal conductivity; 
molecular weight; 
Nusselt number (~~~)~k; 
Prandtl number (@Z&)/k; 
Schmidt number Y/DAB; 
Sherwood number (hD.x)/DAB; 

T, temperature; 
r.4 xdirection component of velocity; 
u, y-direction component of velocity; 
X, distance along surface; 
-K mole fraction. 

Greek symbols 
E”9 viscosity; 
V> kinematic viscosity; 
P, density; 
T7 shear stress ; 
9% stream function; 
% mass fraction. 

Subscripts 
4 refers to component A; 

B, refers to component B; _. . 

* Professor of Chemical Engineering, Clarkson College 
w, reters to conditions at y = 0; 

of Technology, Potsdam, N.Y. a, refers to conditions at y = co. 

t Besearch Specialist, Boeing Co., Seattle, Wonton. 
$ iVNi$? Ch.E. Dept., Syracuse University, IN RECENT YEARS free conve&on boundary layer 

> . . problems have received considerable attention 
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because they are important in situations of 
practical interest and have an academic appeal 
as well. Since Prandtl’s boundary-layer theory 
was originally developed to deal with high 
Reynolds number flows, it is interesting that this 
concept can be employed effectively to describe 
transport processes in the relatively low velocity 
systems often encountered in free convection 
when the body force is created by the gravita- 
tional field of the earth. However, flows can be 
created by other body forces such as Coriolis or 
centrifugal force fields, and in such cases rather 
high velocity free convection flows can exist 
which inlluence heat-transfer processes. This 
fact apparently provided some of the motiva- 
tions for earlier studies by Eckert [2] and 
Ostrach [5]. Subsequently, vaporization or 
evaporative cooling was cited by Somers [7] as a 
practical application of his study of heat and 
mass transfer in a free convection boundary layer 
on a flat plate. Nakamura [4] reflects an interest 
in the details of the simultaneous transfer of 
sensible and latent heat when the material trans- 
ferred is water vapor as is the case in many 
applications where free convection may be 
important. Eichhorn [3], and more recently 
Sparrow, Minkowycz and Eckert [lo, 1 l] re- 
marked on the need to protect surfaces from the 
effects of high temperature gas streams and thus 
they studied mass transfer cooling in free 
convection stagnation flows. 

A variety of solutions dealing with variations 
on the single component fluid, constant fluid 
property and surface temperature theme are 
available in the literature [l, 5, 6, 8, 131. Also, 
rather small first-order perturbations on the 
boundary-layer theory have been calculated [ 121. 
Studies by Somers [7] and Nakamura [4] deal 
with the problem of simultaneous heat transfer 
and binary diffusion. However, both of these 
authors investigated only a limited range of 
parameters, assumed constant physical properties 
and neglected the effects of specie enthalpy 
differences. Also, Somers employed only an 
approximate integral method and Nakamura 
neglected buoyancy forces caused by concentra- 
tion distributions. As a consequence of Naka- 
mura’s assumptions, all his results, except 
concentration distributions for Ns, = 0.5, O-6, 
were obtained almost simultaneouslv bv Eich- 

horn [3], and later extended regarding surface 
temperature distribution [9]. 

Very recently Sparrow, Minkowycz and 
Eckert [lo, 1 l] studied in detail various effects 
which occur in several binary systems consisting 
of air mixtures. They included thermal diffusion 
and diffusion therm0 in their analysis of free 
convection stagnation flow and showed that 
coupling phenomena can be significant. Further- 
more, their study reported the interesting result 
that if coupling effects are neglected, then, in 
certain mixtures, with stream temperatures, say, 
Tw/Too 1: 1.1, mass transfer can increase the heat 
flux by as much as 70 per cent over the case with 
no mass transfer. 

Although much has been written about single 
component free convection boundary layers, 
there is a relative dearth of information about 
the influence of such important parameters as 
Prandtl number, Schmidt number and physical 
property effects on binary systems. In the 
present study, a rather wide range of parameters, 
which represents both gaseous and liquid two 
component systems, it investigated. Since this 
investigation deals with a multi-parameter 
problem, and each solution obtained is for a 
system of three coupled nonlinear equations, it 
is not feasible to cover all possible cases of 
interest. Consequently, an attempt has been made 
to obtain a sufficient number of solutions so that 
one can assess the importance of each parameter 
and to include representative cases which give a 
reasonable picture of how different variables 
affect free convection in gases and liquids. 

In addition to the physical motivation for this 
study, there was a desire to develop a more rapid 
method of solving the involved transport equa- 
tions. Methods used to date are quite time 
consuming, even when the fastest of currently 
available high-speed computers are used. This, 
coupled with the fact that the number of para- 
meters relevant to the problem is very large, 
serves to dampen enthusiasm for detailed studies 
of the variable property boundary layer. 

ANALYSIS 

The problem studied, as sketched in Fig. 1, is 
that of free convection over a vertical plate, 
wherein the buoyancy forces arise due to the 
existence of both temnerature and concentration 
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1% 

Pure Component B=Air 

FIG. 1. Vertical flat surface with free convection induced 
by both temperature and concentration gradients. 

gradients, the latter being sustained by interfacial 
mass transfer. 

If Soret-Dufour diffusion, viscous dissipation 
and work of compression are neglected, the 
boundary-layer equations for non-reacting 
systems are : 

Continuity : 

G4 + m4 - -= 
ax ay 

() 

Momentum : 

au au a at.4 
Pu~+Pv~=~~@ ax -g+ Pgz 

Energy : 

(1) 

(2) 

(3) 

(4) 

Diffusion : 

aWA ihA a aWA 
PUZ +pv,, =aypDay 

with the boundary conditions 

D 
at y=O: 

aWA 
-_ 

u = 0, v = VW = - 1 _ WAw ay 
I 

w 

T= T,, WA = Cl,&, both COIlStallt. 

sty= co: u=O 

T=Tco, WA=0 

For this case, gz = - g and by letting y + co 
in equation (2), we see that within the boundary- 
layer approximations the pressure gradient is 
given by 

ap -- = 
ax pmg (5) 

The continuity equation is satisfied by defining 
the stream function $ as 

UA = 2 a* 
P ay ’ VA, = - ax (6) 

where A, = p/pm. Equations (2), (3) and (4) may 
be reduced to total differential form by utilizing 
equations (5) and (6) and defining the following 
variables : 

7 = [&]‘“~ A;“; dy, # = 2(2)1/a 

0 

This yields 

Momentum : 

(1 - A/J = 0 (7) 

Energy : 

DBusion : 

d 
d? 

ADA:+lA;;t 
.) 

d+ 
+ 3ScmF G = 0 (9) 
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where AC, = C,/C,,, AD = D/Da. The choice 
of values for (d, e) is entirely arbitrary but the 
present authors found that for computational 
purposes it was convenient to let (d, e) = (0, - 1). 
Then for equations (7), (8) and (9) respectively, 
if primes denote differentiation with respect to 
7, one gets 

($--J” + 3+5-J’ - 2ZC 

8’ = 0 (11) 

9’ ’ 0 FC + 3F$’ = 0 (12) 

with the boundary conditions 

F(0) = 6 p- 
- WA, 

sew f(O), I;‘(a)) = 0, 

F’(o) = 0 

e(o) = 1, e(a) = 0 

5w) = 1, d(a) = 0 

The important dimensionless transport quantities 
are 

Nu, = - 

Sh, = - 

@ 
[ 1 4va Q) 

1’4 ‘p e’(O) 
PVJ gxs 1’4 

[ 1 4va A& 9’(O) 
03 

In this study the quantities d&l,, Lk[/l, and 
A, were assumed to be temperature independent 
(to denote this, the quantity A, is subscripted 
with a “c” when it appears in a product with A,,, 
and with a “ct” when it is considered as a fun0 
tion of both temperature and concentration). In- 
deed, these are successful assumptions in studies 
of singlecomponent gaseous systems. As pointed 

out in later discussion, the validity of these 
assumptions in the present case is demonstrated 
in Fig. 2. 

0.4 This Sludy,Physlcol Prop/erttes Function 

andConcenlralion 

0.1 

Note: Ratio of Curves ia Essentially Constant al-I*03 

I I I 
0’ 

I I I I 
0.05 0.10 095 0.20 

-F(O) 

FIG. 2. Heat-transfer rate vs. blowing parameter. Com- 
parison of results of present study (physical properties 
only concentration dependent) with those of Sparrow 
et al. (physical properties concentration and temperature 
dependent) for a helium-air system in free convection 

stagnation flow. Tw/Too = 1.1. 

For the special case of a single-component 
gaseous system, we may write 

Then, by redefining the transformation variables 
as 

rl= [(I -gg$J”Y, 

F=4v_[(l A) E&J4 

Equations (10) and (11) become 

F”’ + 3FF” - 2(F’)2 + 0 = 0 (13) 

13” + 3Pr Fe’ = 0 (14) 

Hence, the results obtained for the single-com- 
ponent system are independent of (TW/Too). The 
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important dimensionless transport quantities are 

$ = (4 Gr9’4 F”(O) 

Nu I O’(O) 

where the Grashof number is given by 

As mentioned in the introduction, this case has 
been treated by other workers, but not in detail, 
and so further information is presented herein. 

Also included in this analysis was a two com- 
ponent liquid system, withPra, = 10, SC, = 500. 
With such a large value for the Schmidt number, 
it may be assumed that the diffusion boundary 
layer is sufficiently thin that property variation 
with concentration and free convection due to 
concentration gradients may be ignored. If one 
then assumes 

p” = 1 + /3(T - Too) 
P 

and substitutes the quantity /3(T, - Too) for the 
quantity [1 - (T,/T,)] in the detition of 7, 
F and Grz above, then equations (12), (13) and 
(14) result. The additional dimensionless quantity 
for mass transfer is 

METHOD OF SOLUTION 

The equations to be solved are coupled and 
nonlinear with coupled boundary conditions, 
The general iterative process used to solve them 
is outlined below. 

1. 

2. 

Assume a solution to the momentum 
equation, and assume 

llP”Ll/&~Lln,~&PEn~~ 1, 

SC = SC,. 

Solve the energy and diffusion equations ; 
if A,, A,,, etc., are assumed known (initially 

3. 

4. 

5. 

from step 1, and in subsequent iterations 
from step 3) then although the equations 
are boundary-value in nature, they are 
linear and no iteration is required. 

Evaluate A,, /1,, etc. 

Solve the momentum equation; this is a 
nonlinear boundary value problem re- 
quiring an iterative process. The condition 
on F’(a) must be converted to a condition 
on Y(0) : 
a. Assume F”(0) 
b. Integrate the momentum equation 
c. If the condition on F’(a) is satisfied, 

solution is obtained, go to 5. If not, 
adjust F”(0) and return to 4b. 

If the solution of the momentum equation 
is the same as that assumed in step 1 or is 
the same as a solution obtained in a 
previous iteration at step 4, the solution is 
complete. If not, return to step 2. 

The most common method of solving equations 
of the present type has been based upon implicit 
integral equations (e.g. [1 11). A characteristic of 
the procedure is that in the solution of the 
momentum equation, i.e. step 4 above, use is 
made of the solution obtained in the previous 
iteration. For example, in the present case 
equation (10) would be solved in the ith iteration 
as 

(&J”+ 3Fi-1(&--‘-2’~ 

where Fi-1 and Fi__, are assumed known from 
the previous overall iteration. Clearly, if the 
momentum equation is strongly temperature and 
concentration dependent, as it certainly is in a 
pure free convection problem, convergence by 
such a scheme will be slow. 

The authors have formulated an alternate 
scheme which proceeds more rapidly. Letting 
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equation (10) becomes 

G” + 3FG' - 2A,,A,‘ (G’)2 

+ Q$+(&; - 1) = 0 (16) 

If a form for F is known, equation (16) may be 
readily solved by a direct integration scheme, 
such as Runge-Kutta, proceeding as outlined in 
step 4 above. It was found that F could be 
accurately approximated by a truncated Taylor 
series in terms of G at each step of the integra- 
tion. For example, proceeding in the integration 
scheme from point ~1, we write 

F(v) = Fh) + s 8” drl = Fh) + 6’b&av 
tll 

(rl - rid G(w) + ‘9 G’(w) 

+ (7 - d2 G”crll) 

6 1 
F, G, G’ and G” are, of course, known at 71, and 
an arithmetic average of L$+I, was sufficiently 
accurate. Hence, there is no need to assume a 
form for F as we have an accurate approximate 
closed form representation from point to point 
along the path of integration. 

With the present method, solution of the 
momentum equation is obtained by iterating only 
on a boundary condition rather than both a 
boundary condition and a function as required 
by the technique first described. It was found that 
solutions could be obtained in from li to 4 min 
on an IBM 7074 Computer, whereas Sparrow 
et al. [ 1 I], required up to 30 min with the CD 1604 
which is about ten times faster than the IBM 
machine. It must be remembered that the solu- 
tions obtained by Sparrow et al. involved 
calculations of much more complicated functions 
for the physical properties, but it is the opinion 
of the authors that this is not the “rate-de- 
termining step” in the solution. Also to be con- 
sidered in comparing relative calculation time is 
the precision and accuracy required in the study 
by Sparrow et al., which may have been greater 
or less than that employed here. In this study, 
the value of F"(O) was forced to converge in the 

overall iteration to the fifth decimal. The interval 
of integration used was usually AT = l/20. 
Spot checks at intervals of A? = l/40 were 
consistent to the fourth decimal. 

SOLUTIONS PRESENTED 

Solutions are presented for systems wherein 
air is the ambient gas and He, He, HsO (u) and 
CO2 are introduced at the solid surface. Figures 
3(a), (b) and (c) compare heat-transfer vs. mass- 
transfer rates as interpreted on different bases. 
The numbered curves in each of Figs. 4,5,6 and 
7 represent 

5. 

All properties held constant except for APct 
in the buoyancy term, with 

Apct=gyxA(& 1)i 11. 

Same as (1) except A,, is allowed to vary 
with concentration in the momentum 
equation, with 

Ap,=XA $1 +1. 
( 1 

Same as (2) except rlo, is allowed to vary 
with concentration, with 

AC, = WA(&_&~ - 1) + 1. 

Same as (3) except A, and SC are allowed 
vary. The form used for SC was 

(1, was calculated 
(6-26) of [14]. 

44% 
42, 

according to equation 

Same as (4) except rlk is allowed to vary 
with concentration. This represents the case 
wherein all properties are allowed to vary. 
Ak was calculated according to equation 
(7-22) of [14] for Hz-air, He-air and 



X*I(Mole Froctionof Component A of Wall) 

FIG. 3(a). Comparison of the relationship between heat 
transfer and mole fraction of component A at the wall 

0 0.05 040 
114 0’15 020 

-m&&) 

FIG. 3(b). Comparison of the relationship between heat 
transfer and mass flw at the wall for various binary 

systems. Tu/Tm = 1.1. 
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for various binary systems. Tw/Too = 1.1 

FIG. 3(c). 

H2-Aw 
- 

0.1 
Air-Air', 

0 0.1 0.2 

Comparison of the relationship between heat transfer and interfacial velocity for 
binary systems. Tw/T, = 1.1. 
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0 0.2 0.4 0 

.-. 

4 

~ 

_. _.~ 

3 

O-8 
&,_(Mole Fraction of Hydrogen at Wall) 

FIG. 4. Study of the effects of physical property variation 
on heat transfer for hydrogen-air system. See text, 
section entitled Solrrtiom Presented, for key to curves. 

Tw/Tm = 1.1. 

0.4 
Water Vapor-Air 1 

0 0.2 0.4 0.6 0.0 I.0 

4Ip_ fMole Fro&an of waler Voporcf wail) 

FXG. 6. Study of the effects of physical property variation 
on heat transfer for water vapor-air system. See text, 
section entitled Solutions Presented, for key to curves. 

TuJT, = 1.1. 

F 

. 

h’ 

! 
.4 

I 
0.6 0.0 

X ++_ (Mole Froclion of Hellurn al Well) 

Fm. 5. Study of the effects of physical property variation 
on heat transfer for helium-air system. See text, section 
section entitled Solutions Presented, for key to curves. 

Tw,‘T, = 1.1. 

0.4 

0.3 

s 
-- 
“*8 % 

I b 0.2 
L 

J 
z 

0 @2 0.4 0.6 0.8 l.0 
Xc+(Mole Frochon of C&bon Dioxide ol Wall) 

I 

FIG. 7. Study of the effects of physical property variation 
on heat transfer for carbon dioxide&r system. See text, 
section entitled Solutions Presented, for key to CUNeS. 

z-,/T, = 1.1. 
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CQ-air, and equation (7-17) of [14] for 
H&I ($-air, 

6. All properties are allowed to vary except 
AC+). 

All properties, except flpct, were evaluated at 
200°F. Data for curves 1 and 5 in Figs. 4, 5, 6, 
and 7 are presented in Table 1. 

Figures 8 and 9 demonstrate the interaction 

of the interfacial velocity and the Prandtl 
number in a single impudent system. As 
mentioned in the analysis, these results are 
independent of T&I”‘. 

Data for a twu ~~rnp~~e~t liquid system are 
presented in Table 2. Note that in this case free 
convection is induced solely by thermal gradients, 
andthat physical property variation is completely 
ignored. 

frondll Numbsr 

FIG. 8. Variation of dimensionless velocity gradient, F”(O), with Pr at various transverse ilow rates 
for a single component system, 

I I I I 1 
05 O-6 07 0.6 09 I.0 

ProndlI Number 

FIG. 9. Variation of dimensionless temperature gradient with Pr at various tmnsverse flow rates 
for a single component system. 
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Table 2. Liquid system: Pro0 = 10, Scm = 500 

Free convection due to concentration gradients ignored. Physical properties held constant. 
____._~~~~ ~~ 

f’(O) wh (if ~.4~ = 0) -p”(O) 

0 0 0.4192 5.045 1.169 
- omO2 0.0580 0.4195 4.876 1.167 
-0mO4 0.1130 0.4198 4.711 1.164 
- 0.0008 0.2147 0~4205 4.390 1.157 
-0m15 0.3689 0.4216 3.859 1.147 
-0QO25 0.5418 0.423 1 3.171 1.132 
-0.01 0.9722 0.4342 0.4297 1.035 

DISCUSSION 

This work is concerned with the study of 
physical property variation with concentration 
and the resultant effects on heat, mass and mo- 
mentum transfer. Clearly, in a binary system 
where a pure foreign fluid is being injected into a 
pure ambient fluid, if the properties of the two 
fluids are significantly different then the concen- 
tration variation will result in pronounced 
variation of such properties as thermal conduc- 
tivity, heat capacity, density and viscosity. The 
effects of these properties on heat, mass and 
momentum transfer are nonlinear, so that, short 
of making calculations for every conceivable 
system, one can only extract as much informa- 
tion as possible from a detailed treatment of a 
few systems, and hopefully, derive more general 
approximate solutions or develop suitable corre- 
lation techniques. 

Perhaps the most critical assumption of this 
work, in the light of recently published research, 
is that of neglecting the effects of Soret-Dufour 
diffusion. Sparrow et al. [lo, 1 l] in studies of 
binary systems have found that these effects can 
be quite pronounced, especially in free convec- 
tion systems wherein the entrant foreign material 
is of low molecular weight relative to the ambient 
fluid. However, the same workers also indicated 
that experimental data can be correlated reason- 
ably well with calculations which neglect Soret- 
Dufour di&rsion, at least for the case of free 
convection stagnation flow, by basing the experi- 
mental Nusselt number on the temperature 
difference Tw - Tam rather than Tw - T,, where 
Taw is the adiabatic wall temperature. Hence, the 
calculations in the present paper for hydrogen 

and helium which neglected thermodynamic 
coupling have practical significance as well as 
value in studying the relative effects of physical 
property variation with concentration. 

As stated in the analysis, another assumption 
of this study is that the quantities (lcp, &lp and 
A&l, are assumed to be independent of 
temperature. To test this assumption calculations 
were made for temperature ratios of interest for 
the free convection stagnation flow problem, 
and, as indicated in Fig. 2, the results obtained 
are in good agreement with the temperature- 
dependent results obtained by Sparrow et al. [ 111. 
The assumption, of course, becomes pro- 
gressively worse if Tw/Tm deviates very sig- 
nificantly from unity. 

It is worth noting the striking changes in the 
appearances of the heat-transfer results when 
plotted on different bases. In Figs. 3(a), (b) and 
(c), for example, the heat-transfer rate is plotted 
vs. mole fraction of component A at the surface, 
mass flux at the surface, and interfacial velocity, 
respectively. In each of these the results have a 
markedly different appearance, so that one must 
be careful to specify the basis when comparing 
the heat-transfer effects of various coolants. 

The predicted heat-transfer rates for the Hz, 
He, and Hz0 air systems increase at low mass- 
transfer rates, then decrease at higher rates. For 
He and Hz the initial increase is due primarily Co 
two factors. First, both components have 
molecular weights less than that of air, so that 
concentration-induced buoyancy effects aug- 
ment the convection (when Tw/Tm > l), thereby 
increasing heat transfer. Also, the thermal 
conductivities of He and Hz are greater than that 



BINARY DIFFUSION AND HEAT TRANSFER ON A VERTICAL PLATE 1149 

of air, so that increasing the amount of He and 
HZ in the boundary layer augments heat-transfer 
rates. It is apparent from Figs. 4 and 5 that the 
latter is the largest factor for these components, 
since the increase is far less when the effect of 
thermal conductivity is ignored. 

The decrease in heat transfer at higher mass- 
transfer rates for the He and Ha air systems may 
also be largely attributed to two factors. First, 
the heat capacities of these substances are greater 
than that of air, so that more heat is “absorbed” 
as the mass fractions of He and Ha increase. 
Also, the transverse velocity tends to increase 
the thickness of the boundary layer, thereby 
increasing resistance to heat transfer. 

It is perhaps worth noting that for systems 
wherein MA/MB is significantly different from 
unity the thermal conductivity variation will be 
more pronounced at a different level of mass 
transfer than will heat capacity variation. This 
occurs because thermal conductivity varies more 
directly with the mole fraction of component A, 
whereas heat capacity varies with the mass 
fraction. For example, in the case of the Hz air 
system, wherein MA/MB 2 0.069, the mole 
fraction of hydrogen increases much more 
rapidly than does the mass fraction at low mass- 
transfer rates. Hence, in this region the thermal 
conductivity varies rapidly, while the heat 
capacity is almost constant. The reverse occurs 
at higher mass-transfer rates, when the mole 
fraction increases more slowly than does the mass 
fraction. (Compare curves 4, 5 and 6 in Fig. 4). 

It must, of course, be borne in mind that in 
any case the effect on heat transfer of variation 
in properties with concentration will depend in 
large measure on the relative thickness of the 
thermal and diffusion boundary layers, the 
magnitude of the effect increasing with the ratio 
of the latter to the former. 

Since the thermal conductivity of Hz0 is 
slightly less than that of air, the increase in heat 
transfer at low mass-transfer rates must be due 
solely to the concentration-induced buoyancy 
effects. At higher rates the thermal conductivity, 
heat capacity and boundary-layer thickening 
effects predominate, thereby reducing heat 
transfer. 

Figures 4 and 5 indicate that the effects of 
physical property variations in the Hs and He air 

ELM.-_OZ 

systems are quite similar, the most pronounced 
being, by far, those of heat capacity and thermal 
conductivity. We see from Fig. 6, on the other 
hand, that property variations for the Hz0 air 
system are much less pronounced, but of the 
same general nature as the Hz and He air systems, 
with one important exception. The thermal 
conductivity of Ha0 is slightly less than that of 
air, as evidenced by the downward shift from 
curve 4 to curve 5, which enhances the attractive- 
ness of Ha0 as a coolant material. 

An interesting observation from Figs. 4 and 5 
is that the best approximation to the case where 
all properties vary is that where none vary; this 
implies, at least for the He and Ha air systems, 
that the effects of property variation with concen- 
tration tend to cancel. This is not true for the 
highly polar HzO-air system. 

For CO2, Fig. 7, the effects of physical 
property variation with concentration are seen 
to be relatively slight. The primary considera- 
tion here is that of concentration-induced 
buoyancy effects which oppose the thermally 
induced buoyancy effects (when Tw/Tm > 1) 
and thereby reduce the convection rate and in- 
hibit heat transfer. Note that the curves for the 
CO2 air system terminate, then begin again. This 
occurs since the molecular weight of CO2 is 
greater than that of air, and at a certain mass- 
transfer rate the buoyancy effects due to concen- 
tration gradients overcome those due to thermal 
gradients (when Tw/Too > 1) and the flow re- 
verses. At this point boundary-layer theory 
requires that the analysis change from con- 
sideration of a flat plate with leading edge down- 
ward to a flat plate with leading edge upward. 
Hence, the separated segments of the curves in 
Fig. 7 are not really directly related, but refer to 
different systems. 

Some useful information can be derived by 
considering a single-component system. In par- 
ticular, the behavior of the shear stress and 
Nusselt number as functions of F(0) and Pr is 
shown in Figs. 8 and 9 for gaseous systems. 
Clearly, heat transfer is more significantly 
affected by transverse flow than is momentum 
transport. It is seen that F”(0) decreases as the 
blowing velocity increases and also as Pr 
increases. In contrast, e’(O) increases with Pr and 
decreases with increased blowing. Furthermore, 
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changes in F”(0) with F(O) are most pronounced 
at lower values of Pr. It seems particularly 
interesting that F”(0) is more responsive to 
transverse convection at lower values of Pr. 

are indebted to the Syracuse University Computing 
Center for the use of their facilities. 

Data for a liquid system with Pr = 10 and 
SC = 500 are summarized in Table 2, These 
solutions are typical of a number of liquid 
systems since the Lewis number, Sc/Pr, is sig- 
nificantly greater than one. When the Lewis 
number is large, as in this case, free convection 
will most often be caused almost completely by 
thermal effects since the diffusion boundary 
layer is much thinner than the thermal boundary 
layer. Consequently, this was the case studied 
here. Because of the high resistance to mass 
transfer at SC = 500, a rather large difference 
between wall and free stream mass fractions is 
necessary to maintain the very small mass- 
transfer rates studied here. In this case the only 
signifi~~t change occurs in f(O), and and it is 
quite natural that (b’(O) should be the most 
sensitive to F(O), again because of the large 
value of SC. 
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R&mu&-On a etudie des couches limites laminaires de convection libre aver des transports couplCs 
de quantite de mouvement, de chaleur et de masse binaire en for&ion des parametres agissants. Les 
effets de pous& d’Ar&im&de produits 2t ia fois par les gradients de t~~rat~e et de concentration 
ont ete consid&r&s. On a recherche des solutions exactes du systeme non-hneaiie des trois equations 
coup&s pour des syst&nes a prop&t& physiques variables avec une force d’Archim&de constante 
parallele a la surface sohde, pour beaucoup de cas diffemnts afin d’obtenir une id&e. raisonnable de la 
fwn dont les differents param&res in&tent sur les processus de transport en cause. 

Les effets des variations avec la concentration des enthalpies des constituants, de la conductivite 
thermique, de la viscosite et de la densite ont et& Btudiea individuehement et dam diverses combinaisons. 
Les effets Ies plus frappants sont ceux produits par fes differences d’enthalpie de ~~ti~~ts et par la 
conductivite thermique pour les gaz de poids mol&ulaire faible. On a recherche &alement les interac- 
tions du nombre de Prandtl et des effets de la vitesse interfaciaie pour des systemes de transfer? de 
masse avec un seul constituant. 

Une methode d’int&gration des equations de transport couplees a ete exposQ et elle semble etre 
considerablement plus rapide que les techniques employees auparavant. L’am6lioration de la vitesse 
de calcul se prod& principaJement paree que chaque solution de L%quation de quantitt de mouvement 
est obtenue en it&ant set&me& sur une condition a la limite plutot que de le faire a ia fois sur une 

condition a la limite et une fonction comme els m&odes anterieures le demandent. 

Zuaanun&aaaung--Die freie Konvektion in laminaren Grenzschichten mit gekoppeltem Jmpuls-, 
W&me- und Zweistoffaustausch wurde in Termen der massa;ebenden Parameter berechnet. Auftriebs- 
einfltisse, die sowohl von Temperatur- als such von Konzentrationsgradienten herruhren, wurden 
beriicksichtigt. Fiir viele verschiedene F&lb wurden die genauen Liistmgen des nichtlinearm systems 
dreier gekoppeher Gleichungen fiir variable ph~i~sche Stoffw~syst~ mit konstanter Massen- 
kraft parallel xu der festen Obert%che tmtersucht, um eine brauchbare Vorstellung tiber den EinfIuss 
der versehiedenen Parameter auf die Ubergangsvorg&nge zu bekommen. 
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Insbesondere wurden die Auswirkungen von Anderungen der Enthalpie, des W%rmeleitvermogens, 
der Zlhigkeit und der Dichte mit der Konzentration einzeln und in verschiedenen Kombinationen 
untersucht. Der griisste Einfluss kommt von Unterschieden der Enthalpie und des W&rneleitverm&3ens 
bei Gasen mit niedriuem Molekulargewicht. Auch die Wechselwirkungen der Prandtl-Zahl und die 
Einfltisse der Gren&ichengeschwin&&eit fur Stofftibergangssysteme mit einer einzehten Kom- 
ponente wurden untersucht. 

Ftir die gekoppelten Transportgleichungen wurden eine Integrationsmethode entwickeh, die 
wesentlich schneller zum Ziel zu ftihren scheint als bisher verwendete Tech&en. Die griissere Berech- 
nungsgeschwindigkeit ergibt sich hauptsachlich deswegen, weil man jede Losung der Impulsgleichung 
durchIterierenvonnureinerGrenzschichtbedingunganstattwiebishervoneinerGrenzschichtbedingun 

und einer Funktion, erhiilt. 

Annvraqan-Cao6oguan HOHBeKqHH B JlaMHHapHbIX IlOl'paHHYHbJX CJIORX lTpH HaJlkiYHIl 

nepeHoca KonK~ecTBa~BKmeKwr,Tenna II MaCCOO6MeHa B 6HHapHOti cr+fecK uccnegoaanacb B 

3aBKCIlMOCTIlOTCOOTBeTCTByH)~IIX~apaMeTpOB.PaCCMOTpeHrJ3~~eKTbI~~OBy~eCTK,B~3BaH- 

KbIe KaK rpannenraun TenrnepaTypbI, Tan n nonueurpaunn. Tounne pemennn nenmremion 
CHCTeMnTpeXCB~3aHHnXypaBHeHKZt~nRCHCTeMbICnepeMeHHnMEl $WWi'IeCKHMlfCBOtiCTBamH 

npn 110cToR~Hoil reaepnpyerdoti 06'beMHOi cnne, napannenbnoft nosepxriocrn Tsepgoro Tena 
6r3mn IlCCne~OBaHbI~n~MHOrHXCJIy9aeB,9T06bi~O~y~KTbCOOTBeTCTByIo~eenpe~CTaB~eHEleO 
TOM, nan pa3nKgHne napauerpbt BJIIIHIOT Ha npoqeccn nepeaoca, neWTByI0wKe B AaHHbIx 

cnysaax. 

BnKRHKe M3MeHeHEii-i 3HTaJIbIlEIEI, TelR'lOIIpOBO~HOCTH, BR3KOCTkI EI IUIOTHOCTM KOMIlOHeHT 

CKOH~eHTpa~He~UCC~e~OBa~HCbOT~e~bHOKBpa3~K~H~XKOM6I1Ha~EIFIX.HaK6o~eeCH~bHOe 

BJIIlRHJle OKa3bIBaH)T ll3MeHeHIlR 3HTaJlbllKIl II TellJIOnpOBO~HOCTU AJlfI l'a8OB C HU3KUM 

MOJIeKyJlHpHbIM BeCOM. Taume HCCJIe~OBaJlHCb B3aliMO~eiiCTBkIH'IIICJIa ~paH~TJI5ilIBJIIIJlHEIfk 

CKOpOCTet Ha I'paHElI(e pa3AeJla $a3 AJIfl CHCTeM C O~HOKOMllOHeHTHbIM MaCCOO6MeHOM. &dJI 

pa3pa60TaH MeTOn IIHTel'pKpOBaHHH CBR3aHHbIX ypaBHeHIlt IlepeHOCa, lfCllOJlb3OBaHUe 

KOTOpOrO gaeT pe3yJIbTaTbI CyIIJeCTBeHHO 6ncTpee, serd panee ncnonbayembre MeTonbr. 
Ysennseuuafl cKopocTb paweTa npoKcxo~~l~ B ~CH~BH~M, II~T~M~ 9~0 Kamaoe pelueHne 

ypaBHeHIlH KOJlH'%eCTBa ?JBKWeHUH llOJly'IeH0 IiTepHpOBaHIleM TOJlbKO PpaHWZHOl'O yCJlOBliR, 

aHe~paHEl~HO~OyC~OBIlREI(PyHK~HII,KaK3TOTpe6OBa~OCbBpaHeeHC~O~b3yeMbIXMeTO~aX. 


